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1. INTRODUCTION
Binary cyclic self-dual codes of odd length do not exist. It is not the case,
however, of Z4-cyclic self-dual codes. Some of the first examples, aside
from the trivial self-dual code (2), are supplemented quadratic residue
codes the theory of which is developed in [2]. The aim of this paper is to
characterize arithmetically the (odd) lengths where such nontrivial cyclic
self-dual Z4-codes can exist and to give some examples for short lengths.
As the length is odd, it is hopeless to obtain directly Type II codes [3], i.e.,
codes whose Euclidean weights are multiples of 8 since these exist only for
lengths a multiple of 8. It is possible, nonetheless, to obtain Type I Z4-
codes, and, accordingly, by construction A, Type I lattices. We obtain, in
that way, the only two extremal odd lattices in dimensions 15–47: the
shorter Leech lattice O23 in dimension 23 and A115 in dimension 15. Invariant
theory enables us to compute the symmetrized weight enumerators of the
codes and therefore the theta series of the associated lattices, including the
norm and kissing number thereof. En passant, we mention an amusing
nonexistence arithmetic criterion for cyclic projective planes. We can extend
and augment these codes to get length n 1 1 Z4-codes. In particular, when
n 5 31, such extensions and augmentations yield five inequivalent extremal
Type II codes, three of which are new. They yield known lattices by Con-
struction A. For n 5 40 we obtain in the same manner an extremal self
dual code of Type II and an extremal (maybe new) Type II lattice of rank 40.
The material is organized as follows. Section 2 recalls some basic facts
of life in the Z4 world. In Section 3 we show that for certain odd n, nontrivial
cyclic Z4-self-dual codes exist. Section 4 contains two general construction
principles based on, respectively, binary Reed–Muller codes and block
designs. In Section 5 we discuss the relation of self-dual codes to unimodular
lattices. Section 6 gives examples of Z4-cyclic self-dual codes of odd lengths
up to length 39, as well as the unimodular lattices constructed from these
codes via Construction A [7]. Appendix A collects the symmetrized weight
enumerators we computed. Appendix B, singly-authored by Pieter Moree,
contains more arithmetic information on the lengths of nontrivial self-dual
cyclic Z4-codes and gives a reference for the proof of Theorem 4.
2. BASIC FACTS AND NOTATIONS
For a vector x [ Zn4 if n0(x), n1(x), n2(x) denotes the number of, respec-
tively, 0, 61, 2 components, then the Lee weight of x is n1(x) 1 2n2(x)
and the Euclidean weight is n1(x) 1 4n2(x). The symmetrized weight enu-
merator of a Z4 code C is denoted by sweC(a, b, c) and is
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sweC(a, b, c) :5 O
x[C
an0(x)bn1(x)cn2(x).
The notion of the dual code C' of a Z4-linear code C is understood w.r.t.
the standard scalar product and so is the notion of self-dual code (C 5 C').
A self-dual Z4-code is said to be of Type II of its Euclidean weights are
multiples of 8 [3] and Type I otherwise.
Let e: Z4[x] R Z2[x] be the map which sends 0, 2 to 0; 1, 3 to 1, and x
to x.
With every quaternary code C one can associate two binary linear codes
of dimension k1 , k1 1 k2 , respectively.
1. The residue code Res(C) :5 e(C)
2. The torsion code Tor(C) defined as the unique binary code B satis-
fying 2B 5 hc [ Cu2c 5 0j.
The parameters of a Z4-code will be denoted by (n, 4k12k2, dL), where dL
stands for the minimum nonzero Lee weight. The minimum nonzero Euclid-
ean weight is denoted by dE . In [24] it was shown that any cyclic code over
Z4 is uniquely generated by f h and 2fg denoted by C 5 ( f h, 2fg), where
fgh 5 xn 2 1 and uCu 5 4degg2degh. The following observations, generally
valid for a Z4-linear code, are useful.
Fact 1. If C is cyclic of the form ( f h, 2fg) then both Res(C) and Tor(C)
are cyclic with generators e( f h) and ef, respectively.
Fact 2. If C is self-dual of length n ; 21 (mod 4), and contains the all-
2 vector then the augmented extended code is self-dual.
Fact 3. If C is self-dual with a basis whose elements have Euclidean
weights a multiple of 8, then C is Type II.
Recall that the componentwise product x ? y of two binary vectors of
length n, say,
x 5 (x1 , . . . , xn)
and
y 5 (y1 , . . . , yn)
is
x ? y :5 (x1y1 , x2y2 , . . . , xnyn).
Accordingly, the componentwise product of two binary codes C1 , C2 is
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C1 ? C2 :5 hx ? yux [ C1 , y [ C2j.
If C1 , C2 are two binary codes we can construct a Z4-code from them by
the formula
C1 1 2C2 :5 hx 1 2yux [ C1 , y [ C2j.
Fact 4. If C1 , C2 are binary linear codes, then C1 1 2C2 is Z4-linear if
C1 ? C1 # C2 .
3. CYCLIC SELF-DUAL CODES OVER Z4
In order to describe the generators of Z4 cyclic codes, we need to know
that the polynomial xn 2 1 can be uniquely factored. The following theorem
shows that this is true when n is odd, a proof of this theorem can be found
in [25].
THEOREM 1. If n is odd, then xn 2 1 can be uniquely factored as the
product of basic irreducible pairwise coprime polynomials.
In [24] it was demonstrated that C' 5 (g*h*, 2g*f *), where C 5 ( f h,
2fg), fgh 5 xn 2 1 and uCu 5 4degg2degh.
THEOREM 2. Let C be a cyclic code over Z4 , C 5 ( f h, 2 fg), where fgh 5
xn 2 1, n odd. Then C is self-dual if and only if f 5 «g* and h 5 dh*, where
« and d are units and g* is the reciprocal of g.
Proof. The sufficiency is obvious since
C' 5 (g*h*, 2g*f *).
Now, if C is self-dual, by the above we know that ( f h, 2 fg) 5 (g*h*,
2 f *g*). But these generators are the unique generators of this form. Hence,
f h 5 g*h*
and
f hg 5 g*h*g 5 g*h*f * 5 xn 2 1.
Since f * and g*h* are coprime, f *ug. Similarly, since
f hf * 5 g*h*f * 5 fgh,
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and g and f h are coprime, gu f *. Therefore, g 5 « f *. Now, f h 5 g*h* 5
«f h* where h and f are coprime. Hence, huh*. Similary, since f *h* 5
gh 5 «f *h where h* and f * are coprime, h*uh. Therefore, h* 5 «h. n
Throughout this paper, we use f to represent the Hensel lifting operator.
THEOREM 3. Nontrivial cyclic, self-dual codes of length n exist if and
only if 21 + 2i (mod n) for any i.
Proof. By Theorem 2, nontrivial cyclic self-dual codes of length n exist
whenever there is an f (x) dividing xn 2 1, where f (x) ? f (x)*. We show
that this happens iff 2 1 + 2i (mod n), for any i.
Let f (x) [ Z2[x] be irreducible and f (x)u(xn 2 1), then f (x) 5
Pi[Cu (x 2 b
i), where Cu is the cyclotomic coset of n that contains the
smallest element u and b is a primitive nth root of unity [22]. It is easy to
see that f *(x) 5 Pi[C2u (x 2 b
i). It is not hard to verify that f( f )* 5
f( f *). Now if 2 1 + 2i (mod n) for any i, then C1 ? C21 ; hence, f ? f *,
where f 5 Pi[C1 (x 2 b
i), and the code (f( f )f(h), 2f( f )f( f *)) is a
nontrivial self-dual code, where ff *h 5 xn 2 1.
Conversely, if nontrivial cyclic self-dual codes exist, then there is an
f u(xn 2 1) with f ? f *. Hence 2 1 + 2i (mod n), for any i because otherwise
Cu 5 C2u for all cyclotomic cosets Cu and f 5 f * for any f u(xn 2 1). n
We remark that the hypothesis of the preceding theorem is not satisfied
if n 5 p a prime ; 63 (mod 8), for then 2 is not a quadratic residue (mod
p), and Euler’s criterion yields 2(p21)/2 ; 21 (mod p).
The following lemma can be deduced from Theorem 1 in Appendix B.
Here we give our own elementary proof.
LEMMA. Let p and q be two different odd primes and let the order of 2
(mod p) and (mod q) be 2li and 2lj, respectively, where i is odd, j is even,
and l $ 1; then 21 is not a power of 2 (mod pq).
Proof. If 21 ; 2k (mod pq) for some k, then 21 ; 2k (mod p) and
22k ; 1 (mod p). Hence 2liu2k, i.e., 2l21iuk. Therefore,
22
l21ik/2l21i ; (21)k/2
l21i ; 21 (mod p).
Hence k/2l21i is odd, 2l21 divides k exactly.
On the other hand, 21 ; 2k (mod q). Hence 22k ; 1 (mod q). Therefore,
2lju2k, i.e., 2l21juk and k must be divisible by 2l, a contradiction. n
It should be noted that the odd n for which the hypothesis of Theorem
3 holds are precisely those for which there is a self-dual binary cyclic code
of length 2n [28]. The next theorem characterizes n such that the hypothesis
in Theorem 3 holds.
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THEOREM 4. Negative one is not a power of 2 (mod n) iff n is either
divisible by
• a prime r ; 21 (mod 8), or
• a prime r ; 1 (mod 8), where the order of 2 (mod r) is odd, or
• a prime p and a prime q, where p and q are as in the above lemma.
Proof. We only prove the sufficiency. The necessary condition follows
from Theorem 1 in Appendix B by Moree.
Case 1. We first consider a prime r, where r ; 1 (mod 8) and the order
of 2 (mod r) is odd (this sometimes happens), or r ; 21 (mod 8). In the
last case, (r 2 1)/2 is odd. Since 2 is a quadratic residue, 2r21/2 ; 1 (mod
r) so that the order of 2 (mod r) is odd. As the order of 2 (mod r) is odd
and the order of 21 is even, 21 cannot be a power of 2.
Case 2. We suppose that r is as case 1 and run. If 21 ; 2k (mod n) for
some i, let k 5 (r 2 1)s 1 t, where 0 # t , r 2 1; then 21 ; 2t (mod r),
a contradiction.
Proof of the case when n is divisible by a prime p and a prime q, where
p and q are as in the lemma, is analogous to that of the lemma. n
Remark. When we tried to characterize the n as stated in the above
theorem, we got a chance to discuss the problem with Moree. Later, he
did completely characterize the n, where 21 is a power of 2 (mod n). The
first case in Theorem 4 corresponds to Lemma 1 in Appendix B.
COROLLARY. Nontrivial odd length n, cyclic self-dual codes exist over
Z4 iff n is an odd integer as in Theorem 4. In particular, nontrivial odd
length n, cyclic self-dual codes exist over Z4 if n is divisible by a prime p ;
3 (mod 8) and a prime q ; 5 (mod 8).
Proof. By the above theorem, when a prime p ; 3 (mod 8) and a prime
q ; 5 (mod 8) both divide n, then 21 is not a power of 2 (mod n) for the
following reasons:
(a) When p ; 3 (mod 8), 21 ; 2i (mod p), for i odd.
(b) When q ; 5 (mod 8), 21 ; 2 j (mod q), for j even.
Statement (a) is true because 21 is a square (mod p) if and only if p ;
1 (mod 4). But when p ; 3 (mod 8), 21 is not a square (mod p); hence i
must be odd.
For (b) 21 is a square (mod q), say 21 ; a2 (mod q). Then 2 j ; a2
(mod q) implies
2 j(q21)/2 5 a2(q21)/2 ; aq21 ; 1 (mod q).
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But 2 is not a square (mod q) so that 2(q21)/2 ; 21 (mod q). Therefore,
(21) j ; 1 (mod q) and j must be even. n
4. GENERAL CONSTRUCTIONS
4.1. Binary Reed–Muller Codes
In [2] the following codes were introduced:
Cm,r :5 RM(r, m) 1 2RM(m 2 r 2 1, m).
These were shown to be of Type II for 0 # r # (m 2 1)/3. Denote by C x
and C 1 the punctured, respectively punctured and expurgated, codes of the
binary code C along an arbitrary coordinate position. We define the codes
Dm,r :5 RM(r, m)1 1 2RM(m 2 r 2 1, m)x.
It is clear from their definition that the extended augmented codes are Cm,r .
As for Cm,r the symmetrized weight enumerator is easy to compute by
applying the formula for joint weight enumerators [15]. They are Z4-linear
by Fact 4. It is easy to check, using the same weight divisibility properties
of binary Reed–Muller codes as in [3], that these are self-dual and of Type
I for 0 # r # (m 2 1)/3. (See the examples in Section 6 for n 5 15, 31 to
see D4,1 and D5,1 .) Further, the Gray map image of these are equivalent
to binary cyclic self-dual codes with generator polynomial (ef )2eh [28, 14].
We obtain in that way an infinite family of binary cyclic self-dual codes.
In general Theorem 1 of [14] shows that any binary cyclic self-dual code
with generator g21g2 (cf. formula (3) of [28]) is equivalent to the Gray image
of the Z4-code
(g1g2) 1 2(g1),
which is not, however, always Z4-linear.
4.2. Irreducible Cyclic Codes
A generalization of Dm,1 is the following.
PROPOSITION. Let C2 be an [n, k, d] irreducible, cyclic binary code the
weights of which are multiples of 8. Then C :5 C2 1 2C'2 is a Z4-linear self-
dual cyclic Type I code with dE 5 min(d, 4d'). Its Gray image is a linear
cyclic self-dual code of length 2n and minimum distance min(d, 2d').
Proof. Observe, first, that C2 and its dual C'2 are obtained by decimation
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(cf. [16, Section 1]) by a factor (2k 2 1)/n from, respectively, the Simplex
and Hamming codes of length 2k 2 1, in the sense that every word in these
codes is obtained as a column in an array
x1 x2 ? ? ? xn
xn11 xn12 ? ? ? x2n
? ? ?
x2k2n ? ? ? x2k22 x2k21
where x1 . . . x2k21 is a word in the decimated code. Second, the compo-
nentwise product of the simplex code with itself is in the Hamming code.
Linearity of C follows now on applying Fact 4.
Self-duality follows from the weight congruence property. Properties of
the Gray image follow from [14]. n
This happens [16], for instance, for n 5 45, 51, 85, 89, 93, 105, 117.
4.3. Cyclic Difference Sets
In [12], Klemm shows that if A denotes the adjacency matrix of a 2 2
(v, k, l) design with odd l and 4u(k 2 l) then C :5 D 1 2j is a self-dual
Z4 code, where j denotes the all–one vector of length v and D is the Z4-
span of the rows of A. If the above design admits a cyclic automorphism
of order v then the resulting Z4 code is cyclic. In particular this covers the
case of a Desarguesian projective plane PG(2, 4) which is well known to
have a Singer cycle. One of the three codes of length 21 in Section 6 is
obtained in that way. Moreover, the construction SQ is a special case of
that construction when the underlying design is Paley–Hadamard.
On the other hand, if there is no nontrivial cyclic Z4 code of length s2 1
s 1 1 this implies that there is no cyclic PG(2, s). This is the case, e.g., for
s 5 12 when n 5 157 which is a prime congruent to 5 mod 8, or for s 5
20 when n 5 421 is the same kind of prime, but fails for s 5 28 when n 5
813 5 3.271 and 271 is a prime congruent to 21 mod 8. A similar result
can be found in [23, Theorem 20]. Several possible parameters (extracted
from Jungnickel’s survey [11, 312–316]) of cyclic difference sets that can
be ruled out in that way are listed in the following table. The last column
lists the integers a , v such that 2a ; 21 (mod v).
k 2 l v k l a
12 157 13 1 26
20 121 25 5 55
28 171 35 7 19
28 149 37 9 74
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5. UNIMODULAR LATTICES
An n-dimensional lattice L in Rn is the set of integer linear combinations
of n linearly independent vectors v1 , v2 , . . . , vn . The dual of L, denoted
by L*, is the set hx [ Rnu (x, a) [ Z, for all a [ Lj. The lattice L is called
integral if L # L*. An integral lattice L with det L 5 1 (or L 5 L*) is
called unimodular. The norm of an x [ L is the inner product (x, x) 5
oni51 x2i and is denoted by N(x). The norm N(L) of L is the minimum of
N(x) over all nonzero x. If N(x) is even for all x [ L, L is called even. A
unimodular lattice L is of Type II if L is even; otherwise it is of Type I.
The theta series uL(q) is the formal power series
uL(q) 5 O
x[L
q(x,x) 5 Om5y
m50
Nmqm,
where Nm is the number of vectors x [ L with norm m. The kissing number
t(L) of a lattice L is NN(L) .
If C is a Z4 linear code of length n, then applying Construction A [7] to
Z4 codes we have a lattice L(C) which is
L(C) 5 hx (Z/2)nu2x ; c (mod 4) for some c [ Cj.
If C has the generator matrix
1Ik1 A B0 2Ik2 2C2
then the lattice L(C) has the generator matrix
1/2 1
Ik1 A B
0 2Ik2 2C
0 0 4In2k12k2
2.
As in the binary case [7, Chap. 7], using the above generator matrix of
L(C) we can easily show that the following theorem is true.
THEOREM 5. (i) det L(C) 5 22n24k122k2;
(ii) L(C) is integral if and only if C # C';
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(iii) L(C) is of Type I if and only if C is of Type I;
(iv) L(C) is of Type II if and only if C is of Type II;
(v) N(L(C)) 5 min(4, dE(C)/4);
(vi) uL(C)(q4) 5 sweC(u4Z(q), u4Z11(q), u4Z12(q)).
Note that the first nontrivial coefficient of the theta series
uL(q) 5 1 1 t(L)qN(L) 1 . . .
is the kissing number t(L) which therefore is uniquely determined by the
swe. In the next section, we use [7, Table 16.7] to identify the Type I lattices
obtained by construction A.
6. EXAMPLES OF CODES OF LENGTH n # 39
If C is a self-dual Z4 code of length n, we can extend this code by adding
an over-all parity check and then augment the code by adjoining the all-
1’s vector. The resulting code will be denoted by C˜. When n 1 1 ; 0 (mod
4), C˜ is a length (n 1 1) self-dual code. In particular, when n is a prime
p ; 21 (mod 8),
x p 2 1 5 (x 2 1)mQ(x)mN(x),
where mQ(x) 5 Pi[Q (x 2 bi) and mN(x) 5 Pi[N (x 2 bi) are polynomials
in Z2[x], b is a primitive pth root of unity in an extension of Z2 and Q, N
are sets of quadratic residues and nonquadratic residues in Zp , respectively.
The Z4 quadratic residue codes defined in terms of idempotent generators
[24] are the same as the cyclic codes generated by f(mQ(x)), f(mN(x)),
f((x 2 1)mQ(x)), and f((x 2 1)mN(x)). These Z4 quadratic residue codes
are denoted by Q4 , N4 , Q4 , and N4 , respectively [2]. The codes denoted
by SQ and SN are the codes Q4 , N4 augmented with the all-2’s vector [2].
SQ (SN) is the same code as the cyclic code generated by f 5 f(mQ(x))
(f(mN(x))), h 5 x 2 1, and g 5 f(mN(x)) (f(mQ(x))).
It is not hard to verify that S˜N and S˜Q are the extended Z4 quadratic
residue codes. Since SQ # Q4 , the extension of SQ is contained in the
extension of Q4 which is denoted by Qˆ4 . Since Qˆ4 contains the all-1’s vector
and S˜N , Qˆ4 both are self-dual, S˜N 5 Qˆ4 . By the fact that the group of the
Z4 quadratic residue codes is transitive, we can use [2, Formula 3.3], to
find the symmetrized weight enumerator of SQ and SN .
By Theorems 3 and 4, for odd n # 39, nontrivial cyclic self-dual codes
exist for n 5 7, 15, 21, 23, 31, 35, and 39.
From [10, Theorem 1.1] we can say that two Z4-cyclic codes of length n,
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where gcd(n, f(n)) 5 1, are equivalent iff they are equivalent by a multi-
plier.
(i) n 5 7,
x7 2 1 5 (x 2 1) f (3 f *),
where f 5 (x3 1 3x2 1 2x 1 3). Here the only nontrivial cyclic self-dual
code C(7, 432, 4) is SQ . The extended augmented code is the celebrated
octacode [7].
(ii) n 5 15,
x15 2 1 5 (x 2 1)(x4 1 x3 1 x2 1 x 1 1)(x2 1 x 1 1) f f *,
where f 5 x4 1 2x2 1 3x 1 1. The only cyclic self-dual code is C(15, 4427,
6) 5 ( f h, 2 fg), where
h 5 (x 2 1)(x4 1 x3 1 x2 1 x 1 1)(x2 1 x 1 1),
g 5 x4 1 3x3 1 2x2 1 1.
It is interesting to notice that the residue code is the simplex code S15
and that the torsion code is the Hamming code H15 . It is easy to check
directly (cf. Section 3.1) that S15 1 2H15 is also a cyclic self-dual Z4 code
and, therefore, isomorphic to the preceding one. Using the Gray map we
get a self-dual Type I binary code with parameters [30, 15, 6]. This is the
code r30 in the classification of [21]. Using construction A we obtain a Type
I lattice with kissing number 240; this is the unique extremal Type I lattice
in dimension 15 called A115 [17, Chap. 19]. The extended and augmented
code is Type II with dE 5 8 and, therefore, extremal. Consequently the
lattice associated by construction A is an extremal Type II lattice. From
the said table [7, Table 16.7; 7, p. 194], we know it to be either D116 or
E28 . From the symmetrized weight enumerator we check that the kissing
number is 480. Using the Gray map we get a self-dual Type II binary code
with parameters [32, 16, 8]. Comparing this with the squaring construction
for Reed–Muller codes we see that it is RM(2, 5).
(iii) n 5 21,
x21 2 1 5 (x 2 1)(x2 1 x 1 1) f1 f *1 f2(3 f *2 ),
where f1 5 (x6 1 2x5 1 3x4 1 3x2 1 x 1 1) and f2 5 (x3 1 2x2 1 x 1 3).
There are three inequivalent (their symmetrized weight enumerators are
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different) nontrivial cyclic self-dual codes of length 21. The first is C21,1(21,
4629, 6) 5 ( f1h, 2 f1 f *1 ), where
h 5 x9 1 x8 1 x7 1 3x2 1 3x 1 3.
Construction A yields a lattice of norm 2 and kissing number 84 (V 5
A73). The second is C21,2(21, 43215, 4) 5 ( f2h, 2 f2 f *2 ), where
h 5 x15 1 3x14 1 x8 1 3x7 1 x 1 3.
Construction A yields again a lattice of norm 2 and kissing number 84.
From the table [7, Table 16.7], we see that this lattice must be similar to
L(C21,1). The last code is C21,3(21, 4923, 4) 5 ( f1 f2h, 2 f1 f2 f *1 f *2 ), where
h 5 x3 1 3. This gives a lattice of norm 1; therefore it is not included in
[7, Table 16.7]. The extended augmented codes are not self-dual, as Fact
2 does not apply.
(iv) n 5 23,
x23 2 1 5 (x 2 1) f (3 f *),
where
f 5 (x11 1 2x10 1 3x9 1 3x7 1 3x6 1 3x5 1 2x4 1 x 1 3).
The only nontrivial cyclic self-dual code C(23, 4112, 10) is SQ (SN). As in
[2], we obtain the shorter Leech lattice with norm 3 and kissing number 4600.
(v) n 5 31,
x31 2 1 5 (x 2 1) f1(3 f *1 ) f2(3 f *2 ) f3(3 f *3 ),
where
f1 5 x5 1 3x2 1 2x 1 3,
f2 5 x5 1 2x4 1 3x3 1 x2 1 3x 1 3,
f3 5 x5 1 3x4 1 x2 1 3x 1 3.
Note, for future use, that the cyclotomic classes C1 , C3 , C5 correspond
respectively to f1 , f *2 , f3 . By the criterion in [10] we easily determine that
there are five inequivalent nontrivial cyclic self-dual codes of length 31.
These are as follows:
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(1) C31,1(31, 45221, 6) 5 ( f1h, 2 f1 f *1 ), where
h 5 (x 2 1) f2 f *2 f3 f *3 ,
i.e.,
h 5 x21 1 2x20 1 3x19 1 x18 1 x17 1 3x16 1 3x13 1 3x11 1 x10
1 x8 1 x5 1 3x4 1 3x3 1 x2 1 2x 1 3.
(2) C31,2(31, 410211, 10) 5 ( f1 f2h, 2 f1 f2 f *1 f *2 ), where
h 5 (x 2 1) f3 f *3 ,
that is,
h 5 x11 1 3x10 1 2x9 1 3x7 1 2x6 1 2x5 1 x4 1 2x2 1 x 1 3.
(3) C31,3(31, 410211, 10) 5 ( f1 f *2 h, 2 f1 f2 f *1 f *2 ), where h 5 (x 2 1) f3
f *3 .
(4) C31,4(31, 4152, 12) 5 ( f1 f2 f3h, 2 f1 f2 f3 f *1 f *2 f *3 ), where h 5 x 2 1.
(5) C31,5(31, 4152, 12) 5 ( f1 f *2 f3h, 2 f1 f2 f3 f *1 f *2 f *3 ), where h 5 x 2 1.
Among these five codes, C31,2 and C31,3 have the same symmetrized weight
enumerator as do C31,4 and C31,5 . In the notation of Section 4.1, C31,1 5 D5,1 .
From the above codes we can construct five inequivalent self-dual codes
of length 32, i.e., C˜31,i , where i 5 1, 2, 3, 4, 5. Note that C˜31,1 5 C5,1 . Among
them C˜31,4 is the extended QR code and C˜31,5 is the extended RM code.
As shown in [6] these two codes yield by construction A the only two
unimodular lattices in dimension 32 of norm 4 with an automorphism of
order 31 [26]. One or the other of these two lattices can also be obtained
by construction A applied to C˜31,i , where i 5 1, 2, 3. These three new codes
are of Type II as can be shown by considering a generator matrix and using
Fact 3. By the extremality of the associated lattice they are extremal in the
sense of [3].
(vi) n 5 35,
x35 2 1 5 f3 f *3 f12 f *12h0 ,
with f3 5 x3 1 2x2 1 x 1 3,
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f12 5 x12 1 2x11 1 3x10 1 x9 1 x8 1 3x7 1 2x6 1 2x5 1 x4 1 2x3 1 3x2 1 x 1 1,
h0 5 x5 2 1 5 (x 2 1)(x4 1 x3 1 x2 1 x 1 1).
There are four inequivalent (again by the criterion in [10]) cyclic self-
dual codes as follows:
(1) h 5 h0 , f 5 f3 f12 ;
(2) h 5 h0 , f 5 f *3 f12 ;
(3) h 5 h0 f3 f *3 , f 5 f12 .
Its residue code is irreducible cyclic with check polynomial e f *12 , by Fact
1, and minimum distance 8, by [16].
(4) h 5 h0 f12 f *12 , f 5 f3 .
Its residue code is a degenerate cyclic code with period 7 and irreducible
check polynomial e f *3 .
The extended augmented codes are self-dual Type I codes.
(vii) n 5 39,
x39 2 1 5 h f f *,
where
h 5 (x 2 1)(x2 1 x 1 1)(x12 1 x11 1 . . . 1 x 1 1).
f 5 x12 1 x11 2 x10 2 x9 1 2x6 1 x5 2 x4 1 x3 2 x2 1 2x 1 1.
There is a unique nontrivial self-dual cyclic code ( f h, 2 f f *), with residue
code an irreducible cyclic code with check polynomial e f *, by Fact 1, and
the torsion code is its dual. The same irreducible cyclic codes have been
completely enumerated [16], and the weight enumerator of their duals are
accessible via the MacWilliams transform. The extended augmented code
of length 40 is self-dual by Fact 2 and Type II by Fact 3. The minimum
distance of Res(C) is 12 [16], and the minimum, distance of Tor(C) is 3,
and this still holds after augmentation by the all 1’s vector since the maxi-
mum weight of the residue code is 24 and the torsion code already contains
the all-1’s vector. Therefore for the extended augmented code dE $ 12,
and since dE must be a multiple of 8, we get dE $ 16, which gives an
extremal Type II code in the sense of [3]. These facts imply that the
associated lattice is Type II extremal of dimension 40. It would be interesting
to compare it to the other extremal even lattices of that dimension [20].
Note. In Appendix A, we list symmetrized weight enumerators of the
above examples up to length 31. swe(C31,1) and swe(C31,2) have been com-
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puted by finding the Hamming weight distribution of their residue and
torsion codes. This information determines enough coefficients in swe(C31,1)
and swe(C31,2) so that we can find the total weight enumerators. If we knew
that C˜31,1 and C˜31,2 had transitive automorphism groups, we could use the
formula in [2] to get these results. C˜31,4 is a QR code. swe(C˜31,4) has been
computed many times [3, 24, 5].
APPENDIX A: THE SYMMETRIZED WEIGHT ENUMERATORS
Note. In the following, we only give the term for aic jbk, where i . j, as
this equals the term for a jcibk, since the all-2’s vector is in the code.
n 5 7, the only nontrivial cyclic self-dual code of C(7, 432, 4) has
weight distribution:
a7 1 7a4c3 1 14a3b4 1 42a2b4c 1 ? ? ? .
n 5 15, the only nontrivial cyclic self-dual code has weight distribution:
swe(C(15, 4427, 6))
5 a15 1 35a12c3 1 105a11c4 1 168a10c5 1 280a9c6 1 435a8c7
1 (240a7 1 1680a6c 1 5040a5c2 1 8400a4c3 1 )b8 1 ? ? ? ;
swe(C˜(16, 4428, 8))
5 a16 1 140a12c4 1 448a10c6 1 870a8c8 1 2048b16
1 (480a8 1 13440a6c2 1 33600a4c4)b8 1 ? ? ? .
n 5 21:
swe(C21,1(21, 4629, 6))
5 a21 1 28a18c3 1 84a17c4 1 273a16c5 1 924a15c6 1 1956a14c7
1 2982a13c8 1 4340a12c9 1 5796a11c10
1 (2688a9 1 24192a8c 1 96768a7c2 1 225792a6c3
1 338688a5c4 1 ? ? ?)b12
1 (84a13 1 1092a12c 1 6552a11c2 1 24024a10c3 1 60060a9c4
1 108108a8c5 1 144144a7c6 1 ? ? ?)b8 1 ? ? ? ;
swe(C˜21,1(22, 46210, 8))
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5 a22 1 112a18c4 1 1197a16c6 1 4938a14c8 1 10136a12c10
1 32768b22 1 (5376a8 1 150528a6c2 1 ? ? ?)b14
1 (26880a9c 1 322560a7c3 1 677376a5c5 1 ? ? ?)b12
1 (8064a11c 1 147840a9c3 1 532224a7c5 1 ? ? ?)b10 1 (84a14
1 7644a12c2 1 84084a10c4 1 252252a8c6 1 ? ? ?)b8 1 ? ? ? ;
swe(C21,2(21, 43215, 4))
5 a21 1 21a19c2 1 189a18c3 1 756a17c4 1 2457a16c5 1 6804a15c6
1 14724a14c7 1 25326a13c8 1 36484a12c9 1 44310a11c10
1 (3584a9 1 32256a8c 1 129024a7c2 1 301056a6c3
1 451584a5c4 1 ? ? ?)b12 1 ? ? ? ;
swe(C˜21,2(22, 43216, 4))
5 a22 1 21a20c2 1 945a18c4 1 9261a16c6 1 40050a14c8 1 80794a12c10
1 262144b22 1 (35840a9c 1 430080a7c3 1 903168a5c5 1 ? ? ?)b12
1 (10752a11c 1 197120a9c3 1 709632a7c5 1 ? ? ?)b10 1 ? ? ? ;
swe(C21,3(21, 4923, 4))
5 a21 1 21a18c3 1 21a17c4 1 147a15c6 1 297a14c7 1 147a13c8
1 343a12c9 1 1071a11c10
1 (2744a9 1 24696a8c 1 98784a7c2 1 230496a6c3
1 345744a5c4 1 ? ? ?)b12 1 (588a13 1 3528a12c 1 8820a11c2
1 15876a10c3 1 37632a9c4 1 89964a8c5 1 144648a7c6 1 ? ? ?)b8
1 (42a17 1 126a16c
1 126a15c2 1 630a14c3 1 2352a13c4 1 3528a12c5 1 4410a11c6
1 10962a10c7 1 20832a9c8 1 ? ? ?)b4 1 ? ? ? ;
swe(C˜21,3(22, 4924, 6))
5 a22 1 42a18c4 1 147a16c6 1 444a14c8 1 1414a12c10 1 4096b22
1 (43008a3c 1 ? ? ?)b18
1 (150528a6c2 1 301056a4c4 1 ? ? ?)b14 1 (27440a9c
1 329280a7c3 1 691488a5c5 1 ? ? ?)b12
1 (175616a9c3 1 526848a7c5 1 ? ? ?)b10
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1 (588a14 1 12348a12c2 1 53508a10c4 1 234612a8c6
1 ? ? ?)b8 1 (168a17c 1 756a15c3 1 5880a13c5 1 15372a11c7
1 41664a9c9 1 ? ? ?)b4 1 ? ? ? .
n 5 23, the weight distribution of the only cyclic nontrivial length 23
code C(23, 4112, 10):
a23 1 253a16c7 1 506a15c8 1 1288a12c11
1 (8096a7 1 56672a6c 1 170016a5c2 1 283360a4c3 1 ? ? ?)b16
1 (2576a11 1 28336a10c 1 141680a9c2
1 425040a8c3 1 850080a7c4 1 1190112a6c5 1 ? ? ?)b12
1 (1012a14c 1 7084a13c2 1 28336a12c3 1 85008a11c4 1 191268a10c5
1 318780a9c6 1 404800a8c7 1 ? ? ?)b8 1 ? ? ? .
n 5 31:
swe(C31,1(31, 45221, 6))
5 a31 1 155a28c3 1 1085a27c4 1 5208a26c5 1 22568a25c6
1 82615a24c7 1 247845a23c8 1 628680a22c9 1 1383096a21c10
1 2648919a20c11 1 4414865a19c12 1 6440560a18c13
1 8280720a17c14 1 9398115a16c15 1 (63488a15 1 952320a14c
1 6666240a13c2 1 28887040a12c3 1 86661120a11c4
1 190654464a10c5 1 317757440a9c6 1 408545280a8c7
1 ? ? ?)b16 1 ? ? ? ;
swe(C31,2(31, 410211, 10))
5 a31 1 186a26c5 1 806a25c6 1 2635a24c7 1 7905a23c8 1 18910a22c9
1 41602a21c10 1 85560a20c11 1 142600a19c12 1 195300a18c13
1 251100a17c14 1 301971a16c15 1 (190464a11
1 2095104a10c 1 10475520a9c2 1 31426560a8c3
1 62853120a7c4 1 87994368a6c5 1 ? ? ?)b20
1 (33728a15 1 505920a14c
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1 3541440a13c2 1 15346240a12c3 1 46038720a11c4
1 101285184a10c5 1 168808640a9c6 1 217039680a8c7
1 ? ? ?)b16 1 (1240a19 1 23560a18c
1 212040a17c2 1 1201560a16c3 1 4806240a15c4
1 14418720a14c5 1 33643680a13c6 1 62481120a12c7
1 93721680a11c8 1 114548720a10c9 1 ? ? ?)b12 1 ? ? ? ;
swe(C31,4(31, 4152, 12))
5 a31 1 155a24c7 1 465a23c8 1 5208a20c11 1 8680a19c12
1 18259a16c15 1 (79360a7 1 555520a6c
1 1666560a5c2 1 2777600a4c3 1 ? ? ?)b24 1 (166656a11
1 1833216a10c 1 9166080a9c2 1 27498240a8c3
1 54996480a7c4 1 76995072a6c5 1 76995072a5c6
1 ? ? ?)b20 1 (33728a15 1 550560a14c
1 3853920a13c2 1 16596160a12c3 1 49788480a11c4
1 109722144a10c5 1 182870240a9c6 1 234895680a8c7
1 ? ? ?)b16 1 (1240a19 1 23560a18c
1 182280a17c2 1 1032920a16c3 1 4220960a15c4
1 12662880a14c5 1 29407840a13c6 1 54614560a12c7
1 82026000a11c8 1 100254000a10c9 1 ? ? ?)b12 1 (7440a20c3
1 37200a19c4 1 119040a18c5 1 357120a17c6 1 892800a16c7
1 1785600a15c8 1 2976000a14c9 1 4166400a13c10
1 4895520a12c11 1 ? ? ?)b8 1 ? ? ? ;
swe(C˜31,1(32, 45222, 8))
5 a32 1 1240a28c4 1 27776a26c6 1 330460a24c8 1 2011776a22c10
1 7063784a20c12 1 14721280a18c14 1 18796230a16c16 1 67108864b32
1 (126976a16 1 15237120a14c2 1 231096320a12c4
1 1016823808a10c6 1 1634181120a8c8 1 ? ? ?)b16 1 ? ? ? ;
swe(C˜31,2(32, 410212, 12))
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5 a32 1 992a26c6 1 10540a24c8 1 60512a22c10 1 228160a20c12
1 446400a18c14 1 603942a16c16 1 2097152b32 1 (6094848a11c
1 111738880a9c3 1 402259968a7c5 1 ? ? ?)b20
1 (67456a16 1 8094720a14c2
1 122769920a12c4 1 540187648a10c6 1 868158720a8c8
1 ? ? ?)b16 1 (39680a19c 1 2261760a17c3
1 30759936a15c5 1 153799680a13c7 1 333232640a11c9
1 ? ? ?)b12 1 ? ? ? .
APPENDIX B: STUDY OF THE INTEGERS n,
WHERE nu2k 1 1 FOR SOME k
Pieter Moree
We say N $ 1 is good if it divides 2k 1 1 for some k $ 1 and bad
otherwise. Brauer [4] showed that a bad integer divides at least one integer
of the form 22k21 2 1. It is an elementary observation that if n is good,
then ordp(2) is even for every prime divisor p of n. The primes for which
ordp(2) is even were first studied by Sierpinski [27]. His result was extended
by Brauer [4] and later by Hasse [9]. The latter proved that the Dirichlet
density of the primes p for which ordp(2) is even is AsJf. To this end he used
algebraic number theory to express the Dirichlet density in terms of degrees
of certain Kummer fields. It is not too difficult to compute these degrees,
making use of some basic facts on cyclotomic number fields. Wiertelak in
a series of papers [29–33] went well beyond Hasse. Several authors have
studied good primes (see, e.g., [1, 14, 19, 33] and the references cited there).
In contrast little seems to be known about good integers.
Although 3 and 5 are both good, 15 is not. Thus the necessary condition
that for n to be good all its prime divisors are good is not sufficient. The
following result gives a necessary and sufficient condition for n to be good.
THEOREM 1 [18]. A number n is good iff there exists an e $ 1 such that
2e exactly divides ordp(2) for every prime p dividing n.
Theorem 1 motivates, for e $ 0, the definition
Ce 5 hp: 2eiordp(2)j.
By 2eia, we mean that 2e divides a and 2a11 does not divide a. Notice that
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the primes not in C0 are all good. It is not difficult to compute the Dirichlet
density of Ce (see, e.g., [29, Theorem 1]). Let de be the Dirichlet density
of the set Ce . Then d0 5 d1 5 sfJ , d2 5 Ad, and de 5 Ad (1/2e) for e $ 3.
The following result that is easily proved using special cases of quadratic,
biquadratic, and octic reciprocity (cf. [4]) gives some algebraic information
on the sets Ce .
THEOREM 2. Let p be an odd prime and 2rip 2 1. Then at most one of
the following holds:
(i) If p ; 7 (mod 8), then p [ C0 ;
(ii) If r 5 3 and p is represented by the form 65X 2 1 256XY 1 256Y 2,
then p [ C0 ;
(iii) If p ; 3 (mod 8), then p [ C1 ;
(iv) If r 5 3 and p is represented by the form X 2 1 256Y 2, then p [ C1 ;
(v) If p ; 5 (mod 8), then p [ C2 ;
(vi) If r $ 4 and p is represented by the form 65X 2 1 256XY 1 256Y 2,
then p [ Cr22 ;
(vii) If p is represented by the form 17X 2 1 64XY 1 64Y 2, then p [ Cr21 .
The smallest odd prime that is not covered is 337. The Dirichlet density of
the primes not covered is dsA .
From Theorems 1 and 2 it follows, for example, that if n is composed
only of primes p such that p ; 3 (mod 8), then n is good. The same holds
with 3 (mod 8) replaced by 5 (mod 8). Theorem 2 gives some algebraic
information on good numbers; Theorem 3 gives analytic information. It
gives an estimate for G(x), the number of good integers not exceeding x.
THEOREM 3 [18]. Let 0 , « # sfA and let r be the smallest integer such
that Ad (1/2r13) # «. Then there exist positive constants c1 , . . . , cr such that
G(x) 5
x
log x Sc1 log1/3 x 1 c2 log7/24 x
(1)
1 Or
k50
c31k log(1/3)(1/2
k13)x 1 O(log« x)D.
The implied constant may depend on «.
It follows that asymptotically G(x) p c1x log22/3x. In particular, almost
all integers as bad.
Notice that an integer n has a, but necessarily proper, divisor m ; 7
(mod 8), if and only if either there is a prime p ; 7 (mod 8), or both a
68 PLESS, SOLE´, AND QIAN
prime p ; 3 (mod 8) and a prime q ; 5 (mod 8) dividing n. Using Theorem
2 one then deduces:
LEMMA 1. If n has a divisor m such that m ; 7 (mod 8), then n is bad.
The bad numbers n , 100 that are + 7 (mod 8) are 21, 35, 45, 49, 51,
69, 73, 75, 77, 85, 89, 91, and 93. The bad numbers n , 200 that have no
divisors ; 7 (mod 8) are 51, 73, 85, 89, 123, 153, and 187. There are O(x
log21/2 x) integers #x that have no divisors ; 7 (mod 8). By Eq. (1), O(x
log21/2 x) of these are bad. Thus Lemma 1 is enough to determine almost
all bad integers.
More details will appear in [18], where the more general problem of
estimating the number of divisors m of numbers of the form ak 1 bk is
considered (for fixed a and b). The case a 5 2 and b 5 1 turns out to
be atypical.
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